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EXACT MORSE INDEX COMPUTATION FOR NODAL RADIAL 
SOLUTIONS OF LANE-EMDEN PROBLEMS 


FRANCESCA DE MARCHIS, ISABELLA lANNI, FILOMENA PACELLA 

Abstract. We consider the semilinear Lane-Emden problem 

J —Au = in B , , 

^ M = 0 on dB ^ 

where B is the unit ball of R^, N > 2, centered at the origin and 1 < p < ps, with ps = +oo if 
N = 2 and ps = if > 3. Our main result is to prove that in dimension N = 2 the Morse 
index of the least energy sign-changing radial solution Up of \£p\ is exactly 12 if p is sufficiently 
large. As an intermediate step we compute explicitly the first eigenvalue of a limit weighted 
problem in R^ in any dimension N >2. 


1. Introduction 

We consider the classical Lane-Emden problem 

f —Art = \uY’~^u in R C ... ... 

I tr = 0 on dB 

where B is the unit ball of N >2, centered at the origin and 1 < p < psi with ps = -|-oo if 
A = 2 and PS = 2* - 1 = ^ if A > 3. 

It is well know that, due to the oddness of the nonlinearity, (HH) admits infinitely many solutions. 
In particular exactly two of them have constant sign and are radial, while all the others change 
sign. Among these ones, one can select the least energy sign changing solution whose existence 
can be proved by minimizing the associated energy functional on the nodal Nehari set in the 
space Hq{B), exploiting the subcriticality of the exponent p (see [7] and [3] for details). Several 
properties of these minimal solutions can be proved, in particular they have only two nodal 
regions and their Morse index is precisely two. We recall that the Morse index m{u) of a 
solution u of (HID is the maximal dimension of a subspace X C Hq{B) where the quadratic 
form associated to the linearized operator at u 

Lu = (-A 

is negative definite. Equivalently, since R is a bounded domain, m{u) can be defined as the 
number of the negative eigenvalues of Lu counted with their multiplicity. 

By doing the same minimizing procedure on the nodal Nehari set in the Sobolev space of radial 
functions one ends up with a least energy radial sign changing solution Up of (11.11) 

whose radial Morse index, i.e. in the space Hq^^^{B), is precisely 2. 

For some time it was an open question to establish whether the least energy radial nodal solu¬ 
tion Up was the least energy nodal solution in the whole space Hq{B) or not. This question was 

2010 Mathematics Subject classification: 35B05, 35B06, 35J91. 

Keywords-, superlinear elliptic boundary value problem, sign-changing radial solution, Morse index. 

Research partially supported by: FIRB project “Analysis and Beyond”, PRIN 201274FYK7_005 grant and 
INDAM - GNAMPA. 


1 




2 


answered in pQ by showing, for general semilinear elliptic problems with autonomous nonlinear- 
ities, that radial nodal solutions, in balls or annuli, have Morse index greater than or equal to 
+ 2 (see Lemma 3.1), so they cannot be the least energy nodal solutions. 

As a consequence the question of estimating or computing the Morse index m{up) of the least 
energy nodal radial solution Up in the whole space Hq{B) raised. 

In this paper we analyze this problem and our main result is the computation of m{up), in 
dimension N = 2, for large exponents. More precisely we have: 

Theorem 1.1. Let N = 2 and Up he the least energy sign-ehanging radial solution to (ini). 
Then 

m{up) = 12 for p sufficiently large 
where m{up) is the Morse index of Up in Hq{B). 

Let us explain how we achieve the result and why we get it in the two dimensional case and for 
large exponents p. 

Since our solution Up is radial, to study the spectrum of the linearized operator Lp := Lu^ a 
suitable procedure could be to decompose it as a sum of the spectrum of a radial weighted 
operator and the spectrum of the Laplace-Beltrami operator on the unit sphere. This works well 
when the domain is an annulus (see for example [2] and [16] ) but leads to a weighted eigenvalue 
problem with a singularity at the origin if the domain is a ball. To bypass this difficulty we first 
approximate the ball B by annuli with a small hole, showing that the number of negative 
eigenvalues of the linearized operator Lp is preserved (see Section [3|). 

Then the computation of the Morse index of Lp in B corresponds to estimate the eigenvalues of 
the operator 

Lp = |xp(-A-Bp(x)) 

in HQ{An), where the potential Vp{x) is p\up{x)f’~^ (see Section Sj). In particular it turns out 
that the Morse index of Up is determined mainly by the size of the first (radial) eigenvalue (p) 
of this operator, with n = Up fixed properly. 

In order to study this eigenvalue, a good knowledge of the potential Vp{x) is needed, in other 
words this means to know qualitative properties of the solution Up of (ini). Here is where the 
hypotheses on the dimension and on the exponent p enter. 

Recently, in the paper m, a very accurate analysis of the asymptotic behavior of the least 
energy radial nodal solution Up of (tni) in the ball in dimension N = 2 has been done, as the 
exponent p tends to infinity. 

In particular it has been shown that a suitable rescaling of the positive part Up (assuming 
Up{0) > 0) converges to a regular solution of the Liouville problem in while a suitable 
rescaling of the negative part uf converges to a solution of a singular Liouville problem in 
(see also [12] for more general symmetric domains). 

This allows to detect precisely the asymptotic behavior as p —>• +oo of the erucial eigenvalue 
(3i (p) by several nontrivial estimates (see Section [6]) . Let us point out that the results in Section 
(6] in particular Lemma 16.41 show clearly that the contribution to the Morse index of Up comes 
mainly from the negative nodal region of Up. It is interesting also to observe the relation between 
the value of m{up) obtained in Theorem ll.ll and the value of the Morse index of the radial solution 
of the singular Liouville problem in the whole plane which has been computed in [^ (and also 
in US]), see Remark 12.31 ahead. 
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The asymptotic analysis fulfilled in m and m allows also to prove a peculiar blow-up (in 
time) behavior of the solutions of the associated parabolic problem with initial data close to 
these nodal stationary solutions, for p sufficiently large mm)- 


In the case of higher dimensions, N > 3, such an accurate asymptotic analysis of Up, as p —>• ps 
is not yet available. Indeed the results of [1], where low energy nodal solutions of almost critical 
problems are studied, do not allow to carry on all the estimates needed to compute the limit 
of (3i{p), as p ^ PS = Therefore the study of the case N > 3 needs to be considered 

separately (see [13]). 


Finally, let us point out that another important step for the proof of Theorem II.II is to compute 
the first eigenvalue of the limit weighted operator 

L* = |x|2 [-A - V{x)] , X e 

with V defined as in (15.11) . This is done in Section [5] in every dimension N >2 and we believe 
that the result could be useful also for other problems. 
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2. Preliminary results in dimension N = 2 

In this section we state previous results about the asymptotic behavior of nodal solutions of 
dni) in dimension N = 2. We start by recalling the following well known qualitative properties 
for radial least energy nodal solutions (which actually hold in any dimension N >2): 

Proposition 2.1. Let {up) he a family of least energy radial nodal solutions to dm) with Up{0) > 
0, then: 

(i) Up has exactly 2 nodal regions 
[ii) 'Up(O) — Halloo 

(Hi) in each nodal region there is exactly one critical point (namely the maximum and the 
minimum points) 

From now on we will denote by the unique nodal radius of Up and by Sp the unique minimum 
radius of Up i.e., writing with abuse of notation Up(r) = Up(\x\), 

rp G (0, 1) is such that Up(rp) = 0 


( 2 . 1 ) 
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and 


Sp G (^’p) 1) is such that 


\Ur.. 


— Up ( Sp ) — Up { Sp ), 


where u is the negative part of 


( 2 . 2 ) 


Next we recall the results obtained in m for least energy radial nodal solutions that we sum¬ 
marize in the following theorem. 


Theorem 2.2. Let N = 2 and let (up) be a family of least energy radial nodal solutions to o 
with Up{0) > 0. Let us define 


and the rescaled functions 


Then 


where 


(4) ^ ■= ^ 

i£p)~^ ■= 

Up { e + x) - Up { 0 ) 

zf;[x):=p - ^ -, xG 


[x) := p- 


Up { 0 ) 

Up{epx) - Up{sp) 
Up { Sp ) 


B 


B 


, X G —. 


-± 


p—> + 0X3 


p—>--1-00 


p—> + 3X3 


U ^nC4m 
Ze mC/„,(R2\{0}) 


is the regular solution of 


and 


with 


U{x) := log 


1 -b 3 X 


1 U|2 


—AC/ = in 

/d 2 e^dx = Svr, C/(0) = 0 


Zi{x) := log 


2(7 + 2)^(5T'+^|x|'^ 

(57+2 |a;|7+2)2 j ’ 


= lim 7.1979, 7 = ^2^2 4 - 2, 5 = 


p ^+00 £, 
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is a singular radial solution of 


(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


r -AZ = e^ + H 60 

\ / r 2 e^dx < 00 

where H = — ^ e^^^^^s ds and (5o is the Dirac measure centered at 0. 
Moreover if we denote by rp the nodal radius of Up, then 


(2.13) 



p—^+oo 



fp P^+°o 


+00, 


(2.14) 








5 


Remark 2.3. Note that it is the precise value of the constant I (see (|2.12p ) that allows in |17j to 
determine the unique radial solution of the singular Liouville problem to which z~ converges. 
As shown in [S], the Morse index of Zi is 


m{Zf) 


1 + 2 


VWTl 


= 11 , 


(where [x] denotes the biggest integer whieh is less or equal than x), and the kernel of the 
linearized operator at Zi has dimension 


k{Ze) = 1. 

Also in our proof (see Section w it is crucial to know the exaet value of i in order to prove that 
m{up) is precisely 12. The fact that 

m{up) = m{Zi) + k{Zi), 

seems to indicate a connection between the spectrum of the linearized operator at Up and that 
of the linearized operator at Zi. This stresses once again that the relevant contribution to the 
Morse index of Up is given by its negative nodal region. 


For more general symmetric domains, as a consequence of a general profile decomposition theo¬ 
rem, in the paper |12] further asymptotic results have been obtained. In particular we recall the 
following estimate that we will need later, which corresponds to property (+’3 ) in [121 Proposi¬ 
tion 2 . 2 ] (indeed in the radial case the origin is the only absolute maximum point of \up\ and 
A: = 1 by da Proposition 3.6]): 

p\y\‘^\up{y)\P~^ < C for any y e 5. (2.15) 


3. Linearized operator and approximation of its eigenvalues 

Let Up be a solution to a and let Lp : H^{B) n Hq{B) —)• L^{B) be the linearized operator 
at Up, namely 

LpV := —Av — p\up{x)\^~^v. (3.1) 

It is well known that Lp admits a sequence of eigenvalues which, counting them according to 
their multiplicity, we denote by 

mip) < /i 2 (p) < • • • < hiijp) < • • •, Ti{p) +00 as i + 00 . 

We also recall their min-max characterization 

pii{p) = inf max Rp[v], i E (3.2) 

WdHiiB) VGW 
dimW=i 

where Rp[v] is the Rayleigh quotient 

R L.l ._ Qp{'^) 

^ v(x)^dx 

and Qp : Hq(B) M denotes the quadratic form associated to Lp, namely 

Qp(v) := [ [\Vv{x)\‘^ -p\up{x)\P~^v{xf]dx. 

Jb 


(3.3) 
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The Morse index of Up, denoted by m{up), is the maximal dimension of a subspace X C Hq{B) 
such that Qp{v) <0, Vu € X \ {0}. Since i? is a bounded domain this is equivalent to say that 
m{up) is the number of the negative eigenvalues of Lp counted with their multiplicity. 

Now let Up be a radial solution to then, if it is sign-changing, from pQ we have the following 
lower bound on its Morse index which applies in particular to least energy sign-changing radial 
solutions of 


Lemma 3.1. Let p £ (1,P5) and let Up he any sign-changing radial solution to (II.ip . then 

m{up) > N -\-2 


Proof. The proof is given in [T] for semilinear equations with general autonomous nonlineari- 
ties f{u), showing that the linearized operator Lp has at least N negative eigenvalues whose 
corresponding eigenfunctions are non-radial and do change sign. Therefore, adding the first 
eigenvalue, which is obviously associated to a radial eigenfunction, one gets at least X -(- 1 neg¬ 
ative eigenvalues. In the case when / is superlinear, as for f{u) = \u\^~^u, p > 1, then it is 
easy to see, testing the quadratic form on the solution Up in each nodal region, that there are 
at least as many radial negative eigenfunctions as the number of nodal regions of Up. Therefore 
m{up) > N 2. □ 


When Up is a radial solution to we can also consider the sequence of the radial eigenvalues 
of Lp (i.e. eigenvalues which are associated to a radial eigenfunction) that we denote by 

/3i(p), i £ N+ 

counting them with their multiplicity. For the eigenvalues /3i(p) an analogous characterization 
holds: 


A(p) 


inf max Rp [u] 


dimW=i ^ 


(3.4) 


where Rp is as in (13.31) and is the subspace of the radial functions of Hq{B). 


The radial Morse index of Up, denoted by nij-adiup), is then the number of the negative radial 
eigenvalues fdi{p) of Lp counted according to their multiplicity. It is well known (see for instance 
m) that for least energy nodal radial solutions Up to we have 

f^radi'ap) = 2 (3.5) 


for any p £ (l,ps). 


As mentioned in the introduction, in order to compute the Morse index of Up we approximate 
the eigenvalue problem for Lp with analogous problems in annuli. 

Therefore we consider the annuli 

An := {x £ : — < Ixl < 1}, n £ N^, 

n 


(3.6) 


7 


and denote by 


the Dirichlet eigenvalues of Lp in An counted according to their multiplicity. Again they can be 
characterized as 


/^r(p) 


inf max 
VdHliAn) 
dimV=i 


Rv[v\ 


where Rp is the corresponding Rayleigh quotient 


R-p[v] 


Q^pjv) 

Ia^ v{x)^dx 


and Qp : Hl[An) —)• M is the associated quadratic form 


(3.7) 


(3.8) 


Qp(n) := f {\Vv{x)\'^ - p\up{x)\P ^v{xf)dx. 

’J A.n 

Let us denote by kp the number of negative eigenvalues /rf (p). 


For a radial solution Up to (HID let us also set by 


/3r(p), ieN+ 


the radial Dirichlet eigenvalues of Lp in An counted with their multiplicity. Again we have 




inf max 

V<ZHl .(A„) V&v 

^ 0 , rad ^ "■> /r, 

dimV=i ^ 


r;[v] 


(3.9) 


where Rp is as in ()3.8p . 

Finally let k^^^^ be the number of radial negative eigenvalues of Lp in An- 


It is easy to see, using the canonical embedding LIq(A„) C Hq{B) and the min-max characteri- 


zations ()3.2I). ()3.7p and ()3.4p. ()3.9p. 

that the following inequalities hold 


Pi{p) > Ti{p) 

and 

fifip) > fii{p) '^i,ne N+. 

(3.10) 

Similarly we have 




pr(p) > p^Hp) 

and 

/3r(p)>/3r+'(p) Vz,nGN+. 

(3.11) 


By the continuity of the eigenvalues with respect to the domain we have the following: 


Lemma 3.2. Let p G (1,P5) be fixed. Then 

L?ip)\Ti{p) fd?{p)\fiiip) as n —)■+00 ViGN’*'. 


Proof. Though the proof relies on standard arguments we write it for the reader’s convenience. 
Let us hx z G N+ and, to shorten the notation, let us drop the dependence on p, so we write 
Li ■= Liip)^ Li '■= Piip), fdi := fii{p), fii ■= fii{p)- Moreover for any function g G i7d(A„) we 
still denote by g its extension to the whole ball B which is equal to zero in B \ An. 

By (I3.10p it is enough to prove the following 

Claim. For any e > 0 there exists G such that p” < Pi + e, for n> Ue (3.12) 





Let e > 0 be fixed. Then by the min-max characterization of there exists C Hq{B), 
dim We = i such that 

max Rp[w\ < + - (3.13) 

w&We 2 

Let us denote by j = 1,..., i an orthogonal basis of Wg, hence We = spanjrcf, rcl,..., ref} 
and without loss of generality assume that ref = 1, for any j = 1,..., r. 

We point out that for any function g G Hq{B) there exists a sequence Qn compactly supported 
in i? \ {0} such that Qn ^ g vn Hq{B). It is obviously possible to choose gn with its support in 

An- Hence there exist sequences ^ ^oi^n) such that ef ref, for any j G {1,... ,z} 

in Hq{B) as rr —>• +oo (extension to zero), j = 1,...,r. 

For n large the space V)f C LfQ(H„), defined by 

Vn ■■= ..., 

satishes dimV^ = i. Indeed if by contradiction there exist tnj G M such that 


^ ^ ^ and (tn,l) • • • ) in,i') 7^ (0; • • • ; 0) 

i=i 


then also 


E 




^ maxj{\tn,j\} 


n,j 


= 0 , 


(3.14) 


but, being bounded, —rr —>• tn, up to subsequences, as rr —)• +oo j = 1 ,..., z and it is not 

maxjI I j- J 

difficult to see that, up to a subsequence, there exists £ G {1,. .. ,r} such that \t^\ = 1. Passing 
to the limit in (j3.14p we get then ~ ^ with \t£\ = 1, which is in contradiction with 

dimWe = r. 

We now show the existence of Ue G N"*" such that 


max Rl[v\ < max Rp[vj\ H—, for n > (3.15) 

wSW ^ uiSWe 2 


Since /if < max^gys 113.151) together with (13.131) proves Claim (I3.12|) and so the assertion. 

In order to prove (I3.15P we argue by contradiction. Hence let us assume that there exists a 
subsequence rr^ —>■ +oo such that 

max > max R„\w] H—, for any k (3.16) 

P w&We ^ 2 

Let ri| G Iff^, r;| 7 ^ 0 such that 

^ vdVl P ^ ' 

v^O 

Since the Rayleigh quotient is 0-homogeneous we can assume without loss of generality that 

[ %{xfdx = 1. 

^rik 

By definition of the space V)f^ there exists (i| 1 , 2 > ■ ■ ■ > i) ^ such that 

+ 4,2^nfe,2 + ■■■ + 


(3.17) 
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Now recalling that each sequence ^ Wj in Hq{B) as k ^ +oo for j = 1,..., i and that the 
Wj, j = 1,... ,i, form an orthogonal basis verifying = 1 we deduce that the sequences 

(t| , j = 1,... ,i are bounded, being 




/ In 2 

vl{xfdx = Y^ {tljY / v^^^jixfdx +Ok{l)'^tljtl(, 

j = l j,£=l 

i i 

y~! (4,j) + ofc(i) + ok{i) ^ 


i=i 


i/=i 

jitt 


then 


<1 + Ofc(l) + Ofc(l)y^ (t|j) . 

i=i i=i 

So there exists t^ G M such that up to a subsequence ^ G M, j = 1,..., z. 

As a consequence, passing to a subsequence, that we continue to denote by we get 

^ rce := tftcf + + ... + tfrcf in Hq{B) as /c —)■+oo. 

Clearly the limit We G We and moreover 2?p'=[u|] = 2ip[u|] ^ 2?p[zCe] as /c —)• +oo. Passing to the 
limit in (|3.16l) as k ^ +oo it follows that 

Rp[we] > max Rp[w] + |, 

loeVKe z 

which is a contradiction. 

In the same way the assertion on the convergence of the radial eigenvalues can be proved. □ 


By Lemma 13.21 and (j3.10p it follows that the number of negative eigenvalues (resp. negative 
radial eigenvalues) of the linearized operator Lp in B coincides with the number fc” (resp. 
of negative eigenvalues (resp. negative radial eigenvalues) of Lp in An, for n large: 

Lemma 3.3. Let p G (1,P5) and let Up he a solution to (11.11) . Then there exists n'p G N"'' such 
that: 

a) m{up) = kp and, if Up is radial, also mradiup) = kp^^^ for n > n'p. 

b) In particular if Up is the least energy nodal radial solution to (jl.ip then by (j3.5p it follows 
that 

kp,rad = ‘^ for n>n'p. 


4. Auxiliary weighted eigenvalue problems in annuli 

For a radial solution Up to (HAD, we consider the following linear operator Lp : H‘^{An) H 

H^oiAn) ^ L^{An): _ 

L^v := \x\^ {-Av - p\up{x)\P~^v) , x e An, 


(4.1) 
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where An are the annuli in (13.6p and let us denote by 

i € N+ 

its eigenvalues counted with their multiplicity. The corresponding eigenfunctions satisfy 


_ un 


w 


(4.2) 




Since the singularity x = 0 does not belong to the annulus An, the eigenvalues /i”(p) can be 
characterized as 


= inf max 
WdHliAn) y&w 
dimW=i 


X4„ ^v{xf)dx 

Ia ^dx 

JAn \x\‘^ 


(4.3) 


Let /c” be the number of the negative eigenvalues of the operator L”, counted with their multi¬ 
plicity. 


Furthermore, since Up is radial we consider the following linear operator with weight L 


Pirad 


^Irad^ '■= - p\up{r)\P , re (1 1) 

and denote by 

/3f (p), i e N+ 

its eigenvalues counted with their multiplicity. Clearly /3”(p) is an eigenvalue of if and 

only if it is a radial eigenvalue of L” (i.e. an eigenvalue associated with radial eigenfunctions) 
and so the following characterization holds true 

!a^ - p\up{x)\P-^v{xf) dx 


P?ip) = hrf max 


dimV=i 


[a ^dx 
JA„ |xP 


(4.4) 


Finally by we mean the number of negative eigenvalues of the operator L. 


Prad' 


Denoting by cr(-) the spectrum of a linear operator we have the following decomposition result: 

Lemma 4.1. Let p G (l,ps) and Up be a radial solution to (11.11) . Then for any n G N+ 

a{L^) = + a{-AsN-i) (4.5) 

where Agjv-i is the Laplace-Beltrami operator on the unit sphere 5''^“^, N >2. 

Proof. The proof is not difficult, we refer to [E] or 12]. □ 


By Lemma l4.II we then have that, for any n G N"*", the eigenvalues p'j^p) of L” are given by 

P'jip) = ld?{p) + Afc, for = 1,2,... , k = 0,l,... (4.6) 


/c = 0,1,... 
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where f3^{p), i = 1,2,... are the eigenvalues of the radial operator and A^, A; = 0,1,... 

are the eigenvalues of the Laplace-Beltrami operator — A^jv-i on the unit sphere S^~^, N > 2. 
It is known ([5l Proposition 4.1]) that 

Afc = A:(A; + A^-2), A: = 0,1,... (4.7) 


with multiplicity 
where 


Nh := 


N -l + h 
N -1 


-Afc — AVfc_2 

(A^-l + h)! 


(4.8) 


if h > 0, Nh = 0, if /i < 0. 


It is important to note that in the previous decomposition only the eigenvalues depend 

on the exponent p while the eigenvalues A^ depend only on the dimension N. 


Recall that by the approximation results in Section [3] we know that m{up) = and rriradiup) = 
^prad = 2 for n large, where and k^^^^ are, respectively, the number of negative eigenval¬ 
ues and the number of negative radial eigenvalues of the linearized operator Lp in the annulus An. 

Next result establishes an important equivalence between kp and k^^^^ = 2 and the number of 

negative eigenvalues of the auxiliary weighted operators L” and that we have introduced 

in this section: 


Lemma 4.2. Let N > 2, p G {l,ps) and Up be a solution to (11.11) . Then 

a) the number kp of negative eigenvalues pdf{p) of Lp in An coincides with the number k^ of 
negative eigenvalues pdf {p) of Lf; 

b) if Up is radial, then the number of negative radial eigenvalues (3f{p) of Lp in An coincides 

with the number of negative eigenvalues /3f{p) of 


Proof. The proof of part aj is the same as in m Lemma 2.1] and we repeat it below for com¬ 
pleteness, the proof of part b) follows similarly, restricting to radial functions. 


Step 1. We show that kp > k^. 

Let h be an eigenfunction for the operator Lf corresponding to a negative eigenvalue /r”(p) < 0: 


—Ah{x) — p\up{x)\P ^ 
h = 0 on dA„ 


h{x) = h”(p)^ 


X ^ Ar, 


(4.9) 


Multiplying (14.9p by h and integrating over An we get 

Qp{h) = f [\Vh{x)\'^ - p\up{x)\P~^h{x)'^] dx = p'^{p) f ^j^dx < 0 

J An An 1^1 

namely h makes the quadratic form Qf negative. The conclusion follows from the fact that the 
set of all these eigenfunctions is a space of dimension A:”. 


Step 2. We show that kp < kf;. 
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Let us assume by contradiction that kp > k'^ and let W be the fcp-dimensional space spanned 
by the orthogonal eigenfunctions ipi associated to the negative Dirichlet eigenvalues of Lp in An 

W := span{ipl,^p2,...,^pk^} C Hl{An). 


By the variational characterization (I4.3p of the eigenvalues of Lp we would have 
-— IA {Wv{x)\^ — p\up{x)Y‘~^v{x)‘^) dx 

14 , W S m«x ^ ' wh - < 0. 




reaching a contradiction. 


(4.10) 


□ 


Combining the previous result with the approximation done in Section [3] we get: 

Proposition 4.3. Let N > 2, p £ (l;Ps) Up be a solution to (II.ip . Then there exists 
n'p e N"*" such that: 

a) the Morse index m{up) of Up coincides with the number k^ of negative eigenvalues pf{p) 
(counted with their multiplicity) of L^ for n > n'p; 

b) if Up is radial, the radial Morse index nirad{up) of Up coincides with the number of 

negative eigenvalues /3f{p) (counted with their multiplicity) of for n > n'p. 


Proof. It follows with n'p G N"*" as in Lemma f3.3l combining the results in Lemma f3.3l and Lemma 

K7l □ 


Corollary 4.4. Let N > 2, p € {l,ps) and Up be the least energy sign-changing radial solution 
to (HH). Then there exists n'p G N"*" such that: 
a) kf; > N + 2, for n > n'p; 

^Irad = 2 ’ ^ '^'P- 

Proof. From Lemma l3.11 (j3.5h and Proposition 14.31 □ 

Next result gives an important estimate of the second eigenvalue /?2 (p) of th® auxiliary weighted 
radial operator L” when Up is the least energy sign changing radial solution to (HU). 

Proposition 4.5. Let N > 2, p G (l,ps) and Up be the least energy sign-changing radial solution 
to (11.11) with Up{0) > 0. Then there exists n'p G N"'' such that: 

fTf^p) > —{N — 1) for any n > n'p. 


Proof. By Proposition 12.11 we now that Up has 2 nodal regions and that, letting G (0,1) be 
the nodal radius as defined in mi, then Up{r) > 0 for r G (0, r^), Up{r) < 0 for r G (np,l), 
Up{r) is strictly decreasing for r G (0,rp) and it has a unique minimum point Sp G (np,l). 




13 


Moreover by the Hopf Lemma ^^{rp) < 0 and ^^(1) > 0. Let ? 7 (r) := Hence by the above 
considerations for any n > n" := [^] + 1 , i/ satisfies 

^(^)<o 

I r/(l) >0 

and moreover r] has a unique zero in the interval (^, 1 ) if u > rip. 

Let w be an eigenfunction of associated with the eigenvalue j namely 


L” , w = 


P^rad 


'ira 

m|) = o 

= 0 




Assume by contradiction that < —{N — 1). 

If (32 = —{N — 1) then r] and w are two solutions of the same Sturm-Liouville equation 


{r^-Wy + 


p\up{r)r^r^-^ + 


r3-N 


v = 0, r £{-,!) 

n 


and they are linearly independent because 77 ( 1 ) / 0 = ui(l). As a consequence (Sturm Separation 
Theorem) the zeros of rj and w must alternate. Since rj has a unique zero in (^, 1), this implies 
that lu > 0 in (i, 1 ) and so (3^ = 

If — (A^ — I) > /32 then by the Sturm Comparison Theorem, rj must have a zero between any 
two consecutive zeros of w. As a consequence, since 77 has a unique zero, it must be lu > 0 in 
(^, 1 ) and again = /3f which is not possible. □ 


5. A LIMIT WEIGHTED EIGENVALUE PROBLEM 


In this section we consider the weighted operator 

L*v := |xp [—Au — V{x)v\ , x € 




where V is defined as follows 


V(x) := < 


1 _ 

VT+W 


U(x):= 


N-2 

2 


N>2, 


if A = 2 . 


, psC»»-‘(x) = ^ ( «,AT+hO “"23 

and U is defined as in ()2.9p if A = 2, while for A > 3 

N(N - 2) 


^A(A-2) + |a;|2_ 
is the unique positive bounded radial solution to the critical equation 


-AU = in 

U(0) = 1 . 


(5.1) 


(5.2) 
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We are interested in computing the first eigenvalue of L* and exhibit an associated eigenfunction. 
In order to define the first eigenvalue we need first to introduce a suitable space of functions. 
Let us recall that is the Hilbert space defined as the closure of C^(]R^) with respect 

to the Dirichlet norm ||t!||^i.2(]KJV) := |Vt!(x)pdx)^ and let us denote by the 

subspace of the radial functions in Moreover let (M^) be the Hilbert space 



D^V 



endowed with the scalar product {u, v) := fj^jv dx. 

Then we can define the space 


DradiR"^} := D 


1,2 

rad 



(5.3) 


endowed with the scalar product 


{u,v) = / '\/u{x)\/v{x) dx + j 

Jr^ Jr‘ 


u(x)v(x) 


dx. 




Observe that Drad{R^) defined in (15.3p is an Hilbert space and obviously it embeds contin¬ 
uously both in and in Moreover by the Hardy inequality ([ISl [El IE]) 

|a:| 

Drad{R^) = when N > 3, while it is well known that DradiR"^) £ ^ladOR"^)- 


Let us set 


where 


13* := inf R*{v) 

veDradi^^) 

v^O 


(5.4) 


R*iv) := 


Q*iv) 


|a:| 


Q*{v) := [ {\Vv{x)\'^ — V{x)v{x)^) dx 

Jr^ 


and Drad{R^) is the space in 

Since x e-)- V{x)\x\‘^ is bounded, Q*{v) and R*{v) are well defined for v S D^adiR^)^ in- 

/ \2 

deed one has J^jv |Vi;(a;)pdx < oo and V{x)v{x)‘^dx < supngAr(IL(x)|xp) dx = 


C 


v(x)^ 


|x| 


i-dx < oo. 


Our main result is the following: 
Theorem 5.1. For any N >2 

and it is achieved at the function 

mix) 


13* = -{N -1) 


l+||a:P 

|3:| 




ifN = 2 
ifN > 3 


(5.5) 
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The proof of Theorem IS.ll is postponed at the end of the section. Here we start with the following: 


Proposition 5.2. Let A < 0 and let rj G \ {0}) n r] > 0, rj ^ 0, be a radial 

solution to 

— Ar]{x) — V{x)ri{x) = x G \ {0} (5.6) 

Ixr 


Then 


X = -{N-1). 


Proof. It is easy to check that the function iji in ()5.5p is a solution to 

- Ar]i{x) - V{x)r]i{x) = x G \ {0} (5.7) 

|xp 

with Ai = —(A^—1). Let us assume that there exists a function r ]2 G C'^(M'^\{0})nL)rad(l^'^)\{0}, 
radial and nonnegative solving 

- Ar] 2 {x) - V{x)r] 2 {x) = x G \ {0} (5.8) 

1*1 

for some A 2 < 0. 

Being \ VT] 2 \‘^dx < +00 there exist two sequences of radii —)• 0 and Rn —)• +00 such that 

*^|VT/ 2 (rn)p0 and i?))^|Vr/2(7?n)|^0 as n ^+ 00 , 

so in particular 

*^l^^ 2 (*n)| —^ 0 and |VT/2(7?n)| —^ 0 asn^+ 00 . (5.9) 

Besides, applying Lemma I A. 1 1 and Lemma lA.2l in the Appendix we get that 

r^“^r/ 2 (rn) —5-0 and ^s n ^+ 00 . (5.10) 

Next, multiplying (15.7h by 772 and (15.8h by —rji, adding them and integrating over (0) (0) 

we get 


(Ai — A 2 ) [ 
J E 




dx = 


Br„ {0)\Brn (0) 


/ ??iVr72 ■ n dS + / ^ dS 

JdBR^iO) JdBR^iO) 


—: Ati 


[ r?iV??2 -V dS- [ 

JdBrr^m JdBr„{0) 


= .Bn 

??2Vr7i • u ((5S11) 


= :Cn 


=:Dn 
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where v is the outer normal to dB^ (0). Then by virtue of the previous considerations and using 
the explicit expression of rji in (j5.5|) . we can estimate An, Bn Cn and Dn as follows: 

l^nl < CNR^-W{Rn)\S/m{Rn)\<CNRn~^R-^^-^\Vrj2{Rn)\^Q aS n ^ +00, 

\Bn\ < CNRn~^m{Rn)\^m{Rn)\ < Cn Rn~^ m{Rn)Rn^ = 0 aS n -)► +00, 

\Cn\ < CArr^“Si(^n)|VT/ 2 (rn)| < CArr^“Vn|V 7 / 2 (^n)| ^0 as n -)■ + 00 , 

\Dn\ < CArr^“S 2 (?’n)|VT/i(r„)| < CNrn~^m{rn) 0 asn^ +oo, 

where in the above estimates we have denoted by cw a generic constant depending only on N. 
Thus passing to the limit in (15.lip we get 

(A.-A,)/ = 0 

Jm kl 

which implies that A 2 = Ai = — (A^ — 1), because r/i > 0 in \ {0} and by assumption 7/2 > 0, 

1/2^0. □ 


Lemma 5.3. (3* < —{N — 1) (< 0). 


Proof. Let rji be the function defined in (15.51) . Then rji G DradO^^) and satisfies the equation 
dESI). Multiplying it by r]i and integrating over R-^ we get 


i?*(7?l) = -(iV-l) 

and the conclusion follows recalling the definition of /3* in (15.4p . 


□ 


Proof of Theorem \5.1[ First we show a coercivity property: for all v G Dradi^^)-, 
1 

,v{xf 


Q*iv) = 


> 


f \Vv{x)\‘^dx — f 14(a;)| 

/ |Vu(x)|^(ix — sup (l4(x)|x|^) 


-dx 


f v{x)‘" 

Irn kP 


■dx 


= [ \Vvix)\‘^dx-C 

Jr^ 

where (0 <) C := sup^jv (l4(x)|xp) < 00 . Since one can easily show that 


/3* = inf Q*{v), 

V&Drad{^^) 

II l|2 =1 

" FT'T2(1rJV) 


RE^dx - 


(5.12) 


then clearly (|5.12l) implies that /3* > — 00 . 

Let {vn)n C Drad^^) be a minimizing sequence for (j5.4D with |||^||l 2 (]rjv) = 1. Clearly we can 
assume without loss of generality that Un > 0 (because otherwise we could consider |un|). By the 
coercivity property (|5.12l) it follows that is bounded in and hence in Dradi^^)^ 
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being llj^ 
that up to a subsequence 

Vn^V in Drad(^^) 


= 1. Therefore, by the reflexivity of D^adi^^), there exists v € Dj-adO^^) such 


2N 


Vn ^ V in 1 < g < +oo if = 2; 1 < g < ——- if > 3 


Vn V in D, 


N-2 

VvTr 1 Tim/-in Cl /-lYml-i/-i/^/I n n rv /-ir 7~) 

rad^ 


by the continuous embedding of into 


Vn ^ V in L 1 
bT 

Vn ^ V a.e. in I 
Hence u > 0, 


and 


2 fTn>N\ 


by the continuous embedding of D^adi^^) into L^i (R'^) 


br 


tN 


l|Vu||i2(KiV) < hm|^||Vi;n||L2(KiV) 


\x\ 


L2(K'V) 


< liminf 
n—>- 1-00 


= 1 . 


L2(K^) 


Next we show that 


[ V{x)Vn{xf 
Jrn 


dx^ V{x)v{x)‘^dx as n —>■+oo. 


(5.13) 

(5.14) 

(5.15) 


Let us fix e > 0 then 


[ V(x)(Vn(x}^ — v(x)^}dx 

< sup(17(x)xp) 

7 

f 

J{H>R} 

|a;|>_R 

™ C e 
- 1^^2’ 

J{\x\>R} \x\ 



choosing R sufficiently large. 

On the other hand, fixing the same R, since ^ u in also 


V^Vn^V^v in L‘^{Bji) 


and hence 


Therefore for n large 


[ V{x)Vn{xf 
JBn 


dx —)• / V{x)v{x)‘^dx. 


iBf 


'Bn 


V{x)Vn{x)‘^ — / V{x)v{x) 
JBn 


e 

<2’ 


thus proving (I5.15p . 

By (I5.13p . (I5.15h and Lemma [5l3l it follows that 

Q*{v) = [ (|Vu(x)|^ — H(x)i;(x)^) dx < liminf [ (|Vxn(x)p — H(x)xn(x)^) dx 

JrN n J^N 

= P*<-{N-1)<0, (5.16) 


in particular Q*{v) < 0 and so x / 0. 
Next we show that 


= 1. 


(5.17) 
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By the definition of (3* and (j5.16p we have 


P* < R*{v) = 


Q*(v) 


< 


13* 


\ V \\2 — II w ||2 


Since /3* < 0 then necessarily 




> 1 


1,2 (RiV) 


which together with (I5.14p gives (|5.17l) . As a consequence from (|5.18l) we get 


R*{v) = 13* 

namely the infimum of problem ()5.4H is attained at v. 

Finally since i; > 0, i; 7 ^ 0, is a radial solution to 

—Av{x) — V{x)v{x) = f3*^^;^^ X e 

FT 

with /3* < 0 we can apply Proposition 15.21 obtaining that /3* = —{N — 1). 


(5.18) 


□ 


6. N = 2: ASYMPTOTIC ANALYSIS OF THE EIGENVALUES /3”(p) 

In this section we focus on the case N = 2 and we study the value of the first eigenvalue /3”(p) 
of the auxiliary weighted radial operator L” when Up is the least energy sign changing radial 
solution to m- 

Our results concern the asymptotic behavior as p —)• +00 of a family of eigenvalues 

A{p) ■= ^ 1 '’(p) with rip := max{np,n", [(e+)"^] + 1 } ( 6 . 1 ) 

where is defined in Corollary 14.41 while n'p is introduced in Proposition 14.51 and £p is defined 
in ( 12 .3p . 

Notice that this choice of Up and Corollary 14.41 imply that j3i{p) < 0 for every p > 1. 

The main result of this section is the following. 


Theorem 6.1. Let N = 2, then 

lim /?! (p) 

p^+00 

where t is defined as in (I2.12p . 


i‘^ + 2 
2 


~ —26.9, 


We emphasize that while all the results in the previous sections hold true in any dimension 
N > 2 and for any p G (l,p 5 ), Theorem 16.11 is related only to the case N = 2 and p —)• + 00 . 
Indeed, as we will see, the proof relies on the precise asymptotic behavior as p —)• +00 of Up 
when N = 2, which has been investigated in [171112j as already recalled in Section [21 
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For any fixed p > 1 let us set 


Ap := An^ = {yGR^ : — < \y\ < 1} 


Ur 


( 6 . 2 ) 


and let (j)p be the (radial and positive) eigenfunction of Lp%ad associated with the hrst eigenvalue 
/3i(p), which satisfies, for r = \x\ 


-p\up\P ^(l)p = re(^,l) 


and normalized in such a way that 


\y\ 


= 1. 


LHAp) 


(6.3) 


(6.4) 


Lemma 6.2. There exists C > 0 such that 

\2 


sup{||V0p||^2(^p) : pG (l,+oo)} <C. 


Proof. Since /3i(p) < 0 and recalling that p\up{y)\P < C for any y G B (see (j2.151) 1 we 
have: 

f |V(/>p(y)pdy = f p\up{y)\P~^4>p{yfdy + Pi{p) f ^^^dy 


< P\up{y)r^\y\ 


p-i\„.\2 ^piyy 




dy < C 


L 


\yy 

Myf 

\yy 


■dy = C 


where the last equality follows by (16.41) . 


□ 


We start by deriving a, still inaccurate, estimate from below of /3i(p) that will be useful in the 
sequel. 

Lemma 6.3. There exists C > 0 such that 

-C<A{P){<0). (6.5) 

Proof. By (|6.3I) . multiplying by cfp and integrating over Ap we have 

f \'^f>piy)\‘^dy = f p\up{y)\P~^(j)p{yfdy + '^i{p) ( 

J A-p J Ap J Ap \ y \ 

= (p|^p(d)P~^ll/P + A(P)) dy 

< max{p\up{y)\P~^\y\‘^)+Pi{p), 

y£B 

where we have used (j6.4l) . As a consequence j3i{p) > — max^ge (p|^p(2/)|^~^|yP) > —C, where 
the last inequality follows from (12.151) . □ 

Next we give a bound from above of /3i(p), for p large. 
















Lemma 6.4. We have 


t+ 2 


limsup/3i(p) < - 

p^-\-oo ^ 


Proof. We want to show that for any e > 0 there exists > 1 such that for any p> Pe 


I3i{p) < -- 


+ 2 


+ s. 


( 6 . 6 ) 


The claim follows considering the radial function : i? —)• [0, +oo) 


^rAv) ■= ' 


(^) 

M\y\) _ 

^pjRSep) 

{RSep) 

0 




IslelS.^) 

rSep 


for R sufficiently large, where ifp : [0,1] 


\y\G[^,R5eA 

— 2R6£~) \y\ G [R6£~,2R6e~) 

\y\ G [oA-§]U[2R6£-,1] 
[0, +oo) is defined as follows 


(6.7) 


/ r \ 2 ± 2 ; 

Mr) ■■= ^ 


1 + (^) 2 + 7 ’ 

SSr ) 


( 6 . 8 ) 


for 6 as in (I2.12p . Indeed, for p large enough, being G HAad(^p)^ Oy the variational 

characterization of Aip) (14.41) and Lemma lA.3l in the Appendix we get 

/ a , \^^RAy)\‘^-p\My)\^~^^RAy)^dy 


Mp) 


iiot 

< 


Lemma W3l 
< 


L 




+ 2 iITT^ 

(l + ojj(l)+Op(l)) « -26.9 (l + Oij(l)+Op(l)). (6.9) 


Note that the function that we use to evaluate /3i{p) is obtained by suitably cutting and 
scaling r]i , the eigenfunction associated to the first eigenvalue of the limit weighted operator L* 
studied in Section [5] (see ()5.5p L more precisely f’pir) = r]i ^2\/2(^^)^ V □ 


In order to prove Theorem 16.11 one would like to pass to the limit as p —)• +oo into the equation 
(16.3p and deduce the value of limp/3i(p) by studying the limit equation. Anyway since the term 
p|up|^“^ is not bounded it is more convenient to consider one of the two scalings of (pp, defined 
for x G by 


4>p (a^) := MAA- 

and pass to the limit in the equation satisfied by it, which is, by (16.3p . 


( 6 . 10 ) 
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where 


V+{x) := 


Up{e+x) 


Up{0) 


p-i 


V-{x) := 


Up{s x) 




p-1 


( 6 . 12 ) 


It is worth to point out that, by definition of , by (j2.7p . by (|6.ip and by (I2.14p (which implies 


—S' 0) we have that —)• 0, while UpS^ —)• +oo and so 

£p ^ ^ 

^ —s- \ {0} as p —)• + 00 . 


(6.13) 


Moreover is bounded and more precisely, since by Theorem 12.21 we have as p ^ +oo 

,+ ^U in CUR^) 


Z, in Ci,(M2 \ {0}) 


with Zp and Zp defined as in 
it follows that, as p ^ +oo: 


I/+ = 
p 


v = 


Also, denoting still by (pp the extension to 0 of outside of 1^, we have that (p^ is bounded 

€p 

in Zlrad(K^), indeed: 


and (12.5p and U and as in (12.9p and (12.lip respectively, 


1 + ^ 
P 


1 + ^ 


y+ := in C?. 


-'locK 


p 


p-1 


^ y- := in ^^(K^ 


± 


\{ 0 }) 


(6.14) 

(6.15) 


Lemma 6.5. There exists C > 0 such that 

hi 


sup{||V(/>p ||i2(R2) : p G (1, Too)} < C. 


Moreover 


= 1 . 


(6.16) 

(6.17) 


L2(R2) 




(6.18) 


Proof. The proof of (|6.16l) follows immediately from the dehnitions of (pp , observing that 
V0p (x) = £p'S/(pp{£^x) from which 

[ \Vp)p{x)\‘^dx = [ {£pf\V(pp{£pX)\^dx= [ \V(pp{x)\'^dx < C 
2R2 JAp 

Sp 

by the bound of cpp in Lemma 16.21 

The proof of (j6.17p follows immediately from the definitions (jd.lOp . indeed 


□ 
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By the results in Lemma 16.31 and Lemma 16.41 and thanks to (I6.13P , (16.141) , (|6.15p and Lemma 

16.51 we are now in the position to pass to the limit in (16.lip . However the functions could 
a priori vanish and this would not give any limit equation, so the crucial point is to show that 

actually (pp does not vanish in the limit as p —)■ +oo. This will be obtained as consequence of 
the following nontrivial result: 

Proposition 6.6. There exists K > 1 such that 

liniinf / M^dx>0. 

The proof of Proposition 16.61 needs several ingredients: the results of Section [5l the dehnition 
of (/>p and its properties, the convergence result in (16.141) . Lemma 16.41 Moreover it strongly 
depends on the asymptotic behavior of Up in dimension N = 2, in particular we need to analyze 
the behavior of the function fp{r) := p\up{r)\P~^r'^ in the positive and the negative nodal region 
of Up, which is done next and leads to Proposition 16.81 and Proposition 16.101 below. The proof of 
Proposition 16.61 is therefore postponed after the study of fp. 

Finally the conclusion of the proof of Theorem 16.11 obtained passing to the limit in the equation 

of (pp , is postponed at the end of the section. As it will be clear from the proof, the great part 
of the contribution to the limit in Theorem [Q comes from the negative nodal region of Up. 


6.1. Study of the function fp{r) = p\up{r)\P 

We aim now to study the behavior of the function 

fp{r) = p\up{r)Y‘~^r‘^ for r £ [0,1]. (6.19) 

where Up is the least energy nodal radial solution to (|l.ll) when N = 2. 


Lemma 6.7. The function fp has a unique critical point Cp, which is a point of maximum, 
in (0, Tp), where Vp is the nodal radius of Up as in (12.ip . Moreover fp is strictly increasing for 
r £ (0, Cp) and strictly decreasing for r £ (cp,rp). 


Proof. Since, for r £ (0, rp), Up{r) is nonnegative and 

fp{r) = p{up{r)T~^riiP - 

we have that Cp £ (0, Cp) is a critical point of fp if and only if 

Let Cp £ (0, Cp) be a critical point of fp. Then computing the seconde derivative of fp we get 
/p (Cp) = P{Up{Cp)Y~^Cp[{p - l)Up{Cp)Cp + {p+ l)Up(Cp)], 


( 6 . 20 ) 
















thus /" (cp) has the same sign of 
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{P - l)'Wp(cp)cp + {p + l)'Up(cp) = {p- 1 )(- 


CD '“p(cp) 


pv^p) 


{Up{Cp))^)Cp + (p + l)Up(Cp) 


ilOot 2up{cp) 


- {up{cp)y{p - i)cp - 


p ^ 2 up(cp) 
P — I Cp 


Cp P j- 

and therefore Cp is a strict maximum point. Being /p(0) = fp{rp) = 0 and /p > 0 for any 
r £ (0, Tp) the assertion follows immediately. Indeed note that there cannot be two points of 
maxima otherwise there should be a minimum point in between . □ 


Proposition 6.8. For any e > 0 there exists Ps > 1 such that for any p > Pe-' 


with rp as in m- 


fp{cp) = max fp{r) <2 + e, 
rmrp] 


Proof. We set, for s G [0, ^), gp{s) := fp{SpS). Then, by definition of (see (|2.3p l. and (|6.14|) 

=:gis) in C; 0 ^([ 0 ,+oo)). ( 6 . 21 ) 

Observe that for the function g it holds: 5 > 0 in (0, 00 ), g{Q) = 0, g{s) —)• 0 as s —)• + 00 , it has 
a unique strict maximum at s = \/8 with g'(\/ 8 ) = 2 and it is strictly increasing for s < \/8 and 
strictly decreasing for s > \/8. 

Let e > 0 and let > \/8 be sufficiently large so that g{K^) < e, then by (I6.2ip 


gp ^ g in [ 0 , K^] uniformly. ( 6 . 22 ) 

Hence in particular there exists > 1 such that for p > Pe 

fp{0) = gpiO) < g{0) + s = s (6.23) 

fpis+Vs) = gpiVs) > g{V8) -e = 2-e (6.24) 

fpi^pKe) = gp{K^) < g{Ke) + e<2£ (6.25) 

fp{'r)=gp{^)<g{y/^)+£ = 2 + £ VrG[ 0 ,e+iL£] (6.26) 

£p 


but [Oje+iLg] C [0,rp] for p sufficiently large (since —)■ +00 by (12.140 and by Lemma IHTTl 

we know that in [ 0 , rp] the function fp has a unique maximum point Cp and that it is strictly 
increasing for r < Cp and strictly decreasing for r > Cp. Thus (I6.23p - (|6.24p - (l6.25l) necessarily 
imply that for p large Cp G (0, K^). The conclusion then follows by (I6.26P applied at r = Cp. □ 


9 p{s) = V+{s)s^ V+{s)s^ = 

^ p—> + CXD 


1 + 


Lemma 6.9. The function fp has a unique critical point dp, which is a point of maximum, in 
{rp, 1), where rp is the nodal radius of Up defined in (12.ip . Moreover fp is strictly increasing for 
r G {rp,dp) and strictly decreasing for r G {dp, 1). 
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Proof. Exactly as in the proof of Lemma 16.71 we have that dp € (r^, 1) is a critical point of fp if 
and only if 


'^p{dp) — 

Moreover, for any critical point dp € (r^, 1), 


{P - l)dp 


(6.27) 


fpidp) = p\up{dp)\P ^[-{p - l)\up{dp)dl - < 0 , 

Therefore, since fp{rp) = /p(l) = 0 and /p > 0 for any r £ (rp, 1) the assertion follows immedi¬ 
ately. □ 


Proposition 6.10. There exists K > 1 and px > 1 such that for any p > px-' 

max /p(r) < 2 , 

r&[rp,^]U[£-K,l] 

with rp as in m and £p as in (ESI). 


Proof. We set, for s £ (^, ^), hp{s) := fp{£ps). Then, by definition of £„ , and (I6.15p we 

£p Sp ^ ^ 

obtain: 


hp{s) = V (s)s^ ^ V (s)s^ 

p —>-+00 


2(7 -h 2)2<5T'+2 s7+2 
((57-1-2 _|_ s7-I-2)2 


Hs) in 6 *;°^((0, Too)), 


(6.28) 


where the positive constants 7 and 5 are as in (| 2 . 12 l) . 

Observe that for the function h it holds: /i > 0 in (0,oo), h{s) —)• 0 as s —)• 0+, h{s) —)• 0 as 
s —)• -|-oo, it has a unique strict maximum at s = (5 with h{5) = -|- 2 > 51 (see (\2.12h for the 
dehnition and the value of i) and it is strictly increasing for s < 5 and strictly decreasing for 
s > 6. 

Hence there exists K > 0 sufficiently large such that ^ < 6 < K and h{s) < 1 for any 
s £ (0, U [K, -l-oo). Moreover, by (I6.28p 


hp ^ h in [— ,K] uniformly. (6.29) 

K 

hence in particular there exists px > 1 such that for p > px 

fpC-^) = hp{^) < h{^) + 1 < 2 (6.30) 

fp{£-5) = hp{5) > h{5) - 1 = ^ 1 > 50 (6.31) 

fp{£-K) = hp{K) < h{K) + 1 < 2 (6.32) 


But [^,£pK] C [rp, 1] for p sufficiently large (since —)• 0 and ^ 0 by (|2.14p l and by 
Lemma 16.91 we know that in [rp, 1] the function fp has a unique maximum point dp and that 
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it is strictly increasing for r < dp and strictly decreasing for r > dp. Hence (l6.3UI) - (l6.31l) - (|6.32p 
necessarily imply that for p large dp G {^,£pK) and 

- loot 

fpir)<fpC-^) < 2 for rG[rp,^] 

fp{r) < fpiSpK) <2 for r G [SpK, 1] 

from which the conclnsion follows. □ 


6.2. Proof of Proposition 16.61 

Proof of Proposition By Theorem 15.11 we know that the value —1 coincides with the first 
radial eigenvalue /3* of the limit weighted operator L*. Hence by evaluating the Rayleigh quotient 
related to the variational characterization (j5.4h of /3* on the functions <f>p defined in (IG.lOp we 
get 


^ Theorem 15. 11 ^.. 


US.411 
< 


151111 + ifSTTl i 


[ (|V^+(x)p 

JRN \ 


— V~^{x)(j)p (x)^ ) dx 


I3iip)+ L -^^ix)]^pix)'^dx (6.33) 


where the set Ap is defined in (16.2D . in (I6.12p and and H+ = by (I6.14p . Next we estimate 
the term J+p [iT^(x) — H+(x)] (j)p{x)’^dx. 


Let e G (0, |) and let us fix R > 


\yp{x) — H’''(x)] (j)p{x)'^dx < 


£ + 
Op 


l^n{\x\<R} 


\Vj^(x) — V~^{x)\ 4>p (x)'^dx + / V~^{x)4>pix)'^dx 

J^n{\x\>R} 

e~r 


L 


+ L ypix)f)J{x) dx 

'^n{N>R} 


— Ip + Up + IIIp . 

For the term Ip we may use the convergence result in (I6.14p . so there exists pn > 1 such that 
for any p > pr 


(6.34) 


Ip — 




\Vj^{x) — V^{x)\4>p{x)'^dx< sup \V^[x) — {x)\ f dx 


sup |H+(x) - H+(x)| e. 

Br{0) 

Moreover for any p > 1 and by our choice of R: 


lip = 


L 




■n{|3:|>ij} 


dx< sup [ 

I J- 


(pp (x)^ 


^:pn{|3;|>R} I®1 


-dx 


m 64 f (pt(x)'^ , El} 64 
< —^ / , ,o —dx = < e. 

Jr 


R2 


R2 \X\ 


R2 
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We turn now to the estimate of 11 Ip for which we will need Proposition 16.81 and Proposition 
[fain Let K > 1 be as in Proposition I6.1UI First observe that by (I2.14|) there exists pr^k > 1 
such that 


Re^ <'^p < ^ for p > pR^K- 


(6.35) 


Thus for p > imLK{pR^K,Pt,PK} where p^ is as in Proposition 16.81 and pK is as in Proposition 
I6.1UI we have 


HR 


L 


t' 


{x)dx 


[ pIMvW 

lApn{\y\>6+R} \y\ 






W 


I 


{Ret<\y\<^R{Kep<\y\<l} 

w 


fp(\y\)^^^dy 


fpi\y\) '*'^i^A2 


lot 

< 


J{^<\y\<Ke^} 
max fp{r) + / 

{Re+^r^^jUtE'Sp <r<l} 


w 


ppivY 


fp^\y\)^^dy 


Propositions 16.816.lOl 
ITTSll 

< 2 + e + C 


h-R<\y\<Ke^} \y\ 


Finally combining the estimates of Ip, Up and I Up with (|6.34l) we get, for p sufficiently large, 


\y^ (x) - V~^ (x)] (j)p{xYdx <2+ 3e + C 


and so by (j6.33p we get that for p sufficiently large 


Yv? 




dy 


/3i(p) > —3 — 3e — C 


[ 

JR 




^R^dx, (6.36) 


'{\yRY-^,KR]} \yY " j{\a;\eiR,K]} 

where for the last inequality we also did a change of variable. Now, if by contradiction 


lim inf / 

J{\x\e[R,K]} \x 


IRRdx = 0, 


then by (16.361) we would get limsup/3i(p) > —4 which is impossible by Lemma (6^ 

P^ + CX) 


□ 


6.3. Proof of Theorem 16.IL 


We are finally ready to prove Theorem 16.11 
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Proof of Theorem \6.1[ Let us consider the scaled functions (fp defined in (Ih.lOp . For any fixed 
p G \ {0}) we have for p sufficiently large that suppp C Ap and so by (16.1111 


/ V(j)p {x)Vp{x) dx — 


R2\{0} 


V {x)<j)p{x)p{x)dx-j3i{p) 


'R 2 \{o} \x 


= (6.37) 


We want to pass to the limit as p ^ +oo into (I6.37p . By Lemma 1631 we know that (pp is bounded 
in hence there exists <p G such that up to a subsequence 


4>p ^ (f) in DradO^'^) as p —)■ +00 


and so by the continuous embedding of DradO^^) into and L 


respectively also 


l^r 


in D, 


l’ad(M" 


up 111 ) (6.38) 

(j>p ^ 4> inL^i (M^). (6.39) 

W 

Moreover for any bounded set M C by the compact embedding H^{M) C Lp‘{M) we have 

^ in L^{M) (6.40) 

and so also 

Pp ^ p a.e. in (6.41) 

Observe that by (j6.41l) </> > 0. Next we show that 

^ # 0. (6.42) 

Indeed by Proposition 16.61 there exists K > 1 such that 

^ Pp (x)2 


lim inf 

Hence taking M = {\x\ G [^, K]}, by (16.4011 we have 

f (t^P (xf 


-dx =: m > 0. 


(6.43) 


-dx < / 

and so combining this with (I6.43p we get 


Pp {x)‘^dx —)• 




p{x)‘^dx as p —)• +00 


p{x)‘^dx > ^ > 0, 


thus proving (I6.42p . 

We pass to the limit as p —^ +oo into ()6.37l) as follows: by Lemma 16.31 and Lemma 16.41 there 
exists /?! < 0 such that up to a subsequence 


Piip) /3i as p —)• + 00 . 


By (163811 


L 


V Pp {x) V p{x) dx / V p{x) V p{x) dx as p—)-+oo. 

K2\{o} ./k2\{o} 
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By 


i 


4>p {x) pix) 


dx 


R2\{0} 


L 


K2\{0} 


(j){x) pix) , 

- ^—dx as p ^ + 00 . 




(6.44) 


Last we show that 


/ Vp (x) 4>p (x) p{x) dx —>■ / V (x) (/>(x) p(x) dx as p ^ +oo, 
dR2\{0} 4R2\{0} 


indeed: 


/ Vp (x) (pp (x) p{x) dx — V (x) (j){x) p{x) dx 

iR2\{0} iR2\{0} 


< 


< sup (|xp|4^ {x)-V (x)|) f 

supp(p) dR2\{0} |x| 


:=p{x) 


i 


[(j)p (x) - (/>(x)] |xpy (x)/ 9 (x 


< sup {\x\'^\Vp (x) -V (x)|) Cp 

supp(p) 


2 ) + 


/ 

Jw 


R2\{0} 


[4>p (x) - ^(x)]p(x) 


dx 


R2\{0} 


—>■ 0 as p ^ + 00 , 

where for the first term we have used the convergence result in (I6.15p and the bound in (I6.17p . 
while for the second term the convergence follows from (I6.44p since p := p\x\‘^V~ (x) G C^piR^ \ 

W). 

As a consequence by passing to the limit into (I6.37p we get 


/ V(f){x) Vp{x) dx — / V (x) (f){x) p{x) dx — Pi / 

dR2\{o} ./r2\|o> Jm 


= (6,45) 


for any p G (7^(1^^ \ {O}); namely p is a (weak and so classical) nontrivial nonnegative solution 
to the limit equation 




-P"[s)-^-V-{s)P{s)=Pi- 


s G (0, +oo), 


where V (s) = is the function given by the convergence result in (I6.15h . 

^ 2 

Reasoning as in [15] and setting, for s G (0,+oo), p{s) := we then have that ry 

satishes 




1 4/3i p{s) 

Ms) = 


S (1 + (^_|_2)2 s2 


s G (0, +oo). 


with ^ Proposition 15.2 


4/3i 


(7 + 2)2 

Hence the definition of 7 in (| 2 . 12 l) implies 


= - 1 . 


Pi = - 


e+ 2 


The assertion follows considering the approximated value of £ ~ 7.1979 (see (l 2 . 12 p L 


□ 


dx 
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7. Proof of Theorem 11.11 

This section is devoted to the proof of Theorem 11.11 

Proof. As already done in Sectional (see (16.11) 1 we set for p £ (1, +oo) 

Up := max{np, n", [{Sp )“^] + 1} and /3i{p) := {p) for any i £ N+. 

By Proposition 14.31 al to determine m{up) is equivalent to count the number kp^ of the negative 

eigenvalues Pi"'^{p) of the operator defined in (14.ip . 

Hence it is enough to show that 

kp^ = 12 for p sufficiently large. (7.1) 

From now on we simplify the notation as follows 

Piip) := for any i £ N+. 

By Lemma l4. II we have that 

a(L?) = a(Lg,J+^7(-A5i) (7.2) 

namely the eigenvalues 'pj{p) of Lp'’ are given by 

Thip) = A{p) + Afc, for i,j = 1 , 2 ,... , A: = 0,1,... (7.3) 

where j3i{p), i = 1 , 2 ,... are the eigenvalues of the radial operator and A^, A: = 0,1,... are 

the eigenvalues of the Laplace-Beltrami operator — A 51 on the unit sphere Recall that 

\k = k‘^ (>0), A; = 0,1,... 

and that the eigenspace associated to Aq has dimension 1 while the eigenspace associated to Xk 
has dimension 2 (see (j4.7p and (l4.8p L 

By Corollary 14.41 -bl we know that /3i(p) < / 32 (p) < 0 < /dsi^p) < ..., then 

Piip) + Afc > 0 for i = 3,4,..., and A: = 0,1,..., 
namely /3j(p), i = 3,4,... do not give any contribution to the Morse index. 

Next we study the remaining cases /3i{p), i = 1,2. 

About /32{p), by Proposition 14.51 we know that f32{p) > — 1 and this implies that 

P 2 ip) + Xh >0 for /i = 1 , 2 ,... 
while from Corollary I4.41 bl we have 

^ 2 (p) + Ao = ^ 2 (p) < 0. (7.4) 

This gives one negative eigenvalue of Lp^ recalling that Aq = 0 has multiplicity 1. 

Let us now consider /3i(p). 
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By Theorem 16.II we know that 

~ + 2 

/3i(p) —>•- - — ~ —26.9 as p —^ +oo, 

where i is defined in (I2.12p . Therefore, for p large 

-Ae = -36 < Piip) < -25 = -A 5 

and as a consequence 

Pi{p) + Afc > 0, k = 6,7,... 

while 

^i{p) + Xk <0, A: = 0 , 1 , 2 ,3,4,5. (7.5) 

We know that the multiplicity of A^ is 1 when k = 0 and it is 2 when k ^ 0, hence (|7.5I) 

gives 11 negative eigenvalues of (the first of them is equal to j3i {p) and it is the first radial 
eigenvalue). By combining this with (17.41) we hence get 

kp^ = 12 for p large 

and this concludes the proof. □ 


Appendix 


Lemma A.l. Let N > 3 and i] G \ {0}) H Dj.ad{^^)> then: 

IN-I . ^ . n hix) 


\xY —)• 0 as |a;| —)• 0 and 

Proof. Let to be the Kelvin transform of rj 


0 as a; —)• + 00 . 


w{x) ■.= \x\^ X G \ {0} 


We have that w G indeed 


\Vw{x)\'^dx = 

r+00 


= Nujn / r 

Jo 


N-l 




(2 - iV)V"-"'"r/"(-) + r-"'" r?'(-) - 2(2 - A)r^-"'\(-)7?'(-) 

r \ r / r r 




dr 




[ [(2 — A^)^s^ 1 h {s) ^ ^jy _ 2(^2 — N)s 2 'dXZls 2 ri'{s)]ds 

Jo " 


N-i ri{s) N-i 

s 


< 


{2-Nf ! 'll^dx+ [ \Vr,{x)\‘^dx + 2{N-2)( [ ^ij^dxV ( [ \Vr]{x)\‘^dxy <+00 

Jm \x\ Jv.N \Jm.n \xr ) \Jw^ ) 


IRN \x 

Applying Strauss Lemma (see m) to w 


/ ^ C 

w{y) < 

\y\ 2 


for y / 0, 
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SO 


lAf-l 


X 


rj{x) = |x|ii!(-j—< C\x\ 2 —>■ 0 as |x| 


0 . 


On the other hand applying the Strauss Lemma directly to ly we get that in particular 

?y(x) 


0 as \x\ —)• +00 




and this concludes the proof. 


□ 


Lemma A. 2. Let f G f > 0 be such that G let a > 0 and let 

Pi ^ PI 

ry G \ {0}) O Drad(M'^)! t] > 0 be a radial nontrivial solution of 


— Ar]{x) — f{x)i]{x) = x G \ {0} 


Then 


|x|ry(3:) —)• 0 as |x| —)• 0 


and 


ry(x) 


0 as |x| —)• + 00 . 


(A.6) 


Proof. The proof is inspired by |15[ Lemma 2.4]. 
In polar coordinates ry satishes 


-rj”- —- f{s)ri = s G (0,+oo) 
s s^ 


(A.7) 


Let us observe that there exists —)• 0 such that r“?y(rn) = o(l) as re —+oo. This is triv¬ 
ial if a = 0, whereas if a > 0 such sequence does exist because, if not, we get ry(s) > -^ in a 

neighborhood of 0 and this contradicts ^^^-^ds < -|-oo, which holds true being ry G DradO^'^)- 


Let R G (0,1], using (IA.7P we have 

rr+V(t)ry(i)di = /''f“+H-ry"(t) 

Jrn Jvn 

rR 


t 


(A.8) 


= / (—t“^^Ty'(t)-|-at"ry(t))'dt (A.9) 

Jrn 

= -i?“+^ry'(i?)-hr“+\'(r„)ai?“7y(i?) - ar“7y(r„). (A.IO) 

and since / G and /q^°° J-^dt < -|-oo 

Ty(t) 


J V n J Tn ' 


’''“LdTc. 


t2 \Jrn ^ 

We now distinguish the case a > 0 from the case a = 0. 

If a > 0, let us show that r“+^ry'(r„) = o(l). Multiplying equation (IA.7h by t and integrating 
we get 

.2 hit), 


— f rf'{t)tdt = [ Vj'[t) dt — 

Jrn 


»1 


t 


-dt / tf{t)r]{t) dt, 


'rn Jrn J 

in the other hand integrating by parts 

-[ if {t)t dt =-rj'(1)7]'{rn)rn + f rfifdt. 
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Then 


- ?/(l) + 7 ?'(r„)r„ =+ f tf{t)r]{t) dt, (A. 12 ) 

Jvn ^ Jrn 

and multiplying by we get 

= 0(0 - aV“ f ^dt + r“ / tf{t)r]{t) dt. (A.13) 

Jr-n ^ Jr-n 


Since /q^°° < +oo 


d{t) 


dt < r“ 




< r^C{-log{rn))^ (A.14) 

then by (lA.l.Sp . (|A.14D and (jA.lip we get the claim: r"+^T/'(rn) = o(l) and so in turn by (lA.Sp 


fR 

/ f {'t)d{t) dt = {R) + aR°‘r]{R). 

Jo 


Then for any s € (0,1] 

vis) 


-r]{l) = 


g{R) \ 

Ra +(^j^a+lJ 

'1 1 / rR 

^ ' ' . 0+1 


dR 


^ 20+1 


t°‘~^ f{t)r]{t) dt dR 


< 


< 




-ivit) 

1 

t 2 




dt 


2 / rR -rf{t) ^ 2 


dt dR 


'I 


< C I R^-^dR 


At last 


Cs^, 

vis) < { Cs^ 


a <2 
a>2 

Cs^\ log(s)| a = 2 

so srj{s) —>• 0 as s ^ 0 . 

For what concerns the case a = 0, reasoning as above to derive (IA.12P it is easy to see that 


then for s G (0,1] 

vis) 


r]'{R)R= f tf{t)r]{t)dt + r]'{l), 

Jr 

-jrHR)dR=- I ^iRv'iR))dR 
- f r]'{R)dR = 

J S 


1 rl 


(/ tf{t)r]{t)dt + r]'{l))dR 


s JR 


f>0, J?>0 

< 0 |log(s)|, 

so also in this case sg{s) —)• 0 as s —)• 0 . 
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Next let us consider w{s) = r]{^). It is not hard to see that w G C^(M^ \ {0}) n Dradi^'^) and it 
solves 

-w - jf{-)w = -a s G (0, +oo) 

s s 

So repeating the same reasoning as for rj and using that G L°°((0,+oo)) we get that 

sw{s) —)• 0 as s —)• 0 and so —>■ 0 as s —)• +oo and this concludes the proof 

It is worth to point out that actually if a > 0 the above estimates lead to a much stronger result, 
as for example rj G □ 


Lemma A. 3. Let : Ap — >• M be the function defined in (lOD . then 
I A, |V^ij,p(y)P - p\up{y)\P-^'i>R,p{yfdy £2^2 


Ia 


'^R,p{yfi 


< -- 


dy 


(1 + Ofl(l) + Op(l)). 


Proof. We set 

■= Iap \'^'^R,piy)\‘^ -p\My)\^~^'^R,piy)‘^dy, 

"■> hp > “• 

Then, setting, for 0 < a < 6, A(a, b) := {a < \y\ < b} we have: 

=:-/Vl,p ='.N2,p 


= :^3,! 


< 


[ s,- (|V^'i?,p(y)P-p|up(?/)r ^^R,p{yf)dy+ [ ,,-|VTpj,p(y)|2dy+ f \V^R^p{y)\‘^dy 

^P ^ dA{^,SRep) dA(^,^) JA{R5ep,2R5ep) 


Dp 


L 


A{^-^,SRep) 




|y|^ 


^3dMldy+ f ^^d^dy 

A&f-^) \y? ^ JAiRSep,2R5ep) W ^ 


=-Du 


=--D2p 


= -Dz, 


Computing explicitly N 2 ^p and N^^p we obtain: 




-^2,p _ 3 

^ “ 2 (1 + (i)2+7)2 - 2 pR2+7 


< 


and 


^ 3. 


pR2+7 


< 


27r (1 + pR 2+7)2 - ij2+7' 

Furthermore we can also easily estimate Tli,p, -02,p and -Ds^p as follows: 


2tt 


P&pR 1 


:-dr 


1 dt 

- / -^dt < 

2 + 7 Jl+ififi+r ^ 


l.p _ f 

'TT (1 + (^)2+7)2 r 

D2,p _ f « f ^ ^ d£p .^2R 

(^££)2 2R^ r - J^11 02+7 i 2R’ defi 


2 + 7' 


27r 


de„ ,.,2R , 1 

dr = 


3^2+7 ^ 


(A.15) 

(A.16) 

(A.17) 

(A.18) 

(A.19) 
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2iJep 5 [r — 2Re 5)^ 


^3,p _ j ' 'Tpy^'-^p 

jRepS {Rep 6)^ 


27r 


dr < 


L 


2Rep S ^ 


R,-s R^+HRspSr 


(r — 2Rep 6)“^dr = 


3i?2+7 ■ 
(A.20) 

Let us now estimate A'i,p. In order to do so we define ippis) := 'i/ 2 p{ 6 e~s), for s € Then 

(recalling that Sp is defined as in (I2.2p i we have 


Ni,p 


2tt 


Up{sp) 


{ijjp{s)f ds 


ii6ua 

p—)-H-oo 


rR 


f 

R 


(2 + 7)2 57(1 _ ^2+7)2 2(2 + 7)257 s 2+7 


(1 + s2+7)4 (1 + s2+7)2 + ^2+7)2 


ds 


(2 + 7)^ 


t=1^2+7 2+7 

4 

2 + 7 


j. 

/•l+E 

Jl+(i 


((1 + s ^+ T ')2 - 12 s 2 + 7 ) s 1+7 


(1 + 52+7)4 

l+ij2+7 ^^2 _ ^2t + 12) 

1 + ( + )2+7 

1 1 

+ 


ds 


dt 


+ 


6 


6 


< 


2 + 7 


l + i?2+7 1 + (^)2+7 (l + i?2+7)2 (1 + (^)2+7)2 

4 , 4 

"(l + i?2+7)3 + (1 + (^)2+7)3 

^ + 0{j^) 


+ 


Then 


Nu 


< - 


2 + 7 


1 + 0{j^^) + Op{l) 


(A.21) 


27r “ 4 

which is negative for sufficiently large R and p. 

In conclusion, hxing R sufficiently large, there exists pR such that for any p > pr we have 
(collecting (|A+1D, (TOHIl . (TOTll . (TOHD . (TO^ . (TOoD and (TOTTl i: 


Dr, 


-^(1 + o_r( 1 ) + Op(l)) _ (2 + 7 )^ 


< 


ifzT^ £2 _|_ 2 


h(l + Oil(l)) 


( 1 + o_r( 1 )+ Op(l)) — — 


2+7 


(1 + oh( 1 ) + Op(l)) 


□ 
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